Abelian codes and complementary dual codes form important classes of linear codes that have been extensively studied due to their rich algebraic structures and wide applications. In this paper, a family of abelian codes with complementary dual in a group algebra F p ν [G] has been studied under both the Euclidean and Hermitian inner products, where p is a prime, ν is a positive integer, and G is an arbitrary finite abelian group. Based on the discrete Fourier transform decomposition for semi-simple group algebras and properties of ideas in local group algebras, the characterization of such codes have been given. Subsequently, the number of complementary dual abelian codes in F p ν [G] has been shown to be independent of the Sylow p-subgroup of G and it has been completely determined for every finite abelian group G. In some cases, a simplified formula for the enumeration has been provided as well. The known results for cyclic complementary dual codes can be viewed as corollaries.
Introduction
Abelian codes form an important class of linear codes that has been extensively studied for both theoretical and practical reasons (see, for example, [3] , [6] , [7] , [12] , [13] , [20] , and [21] ). Moreover, this class of codes contains the classical cyclic codes which can be efficiently encoded and decoded using shift registers. Linear complementary dual (LCD) codes introduced in [14] constitute another interesting class of linear codes. It has been shown that LCD codes are asymptotically good and they can be suitably applied for the two-user binary adder channel in [14] . In [22] , it has been shown that LCD codes meet the Gilbert-Varshamov bound.
LCD codes are also useful in information protection from side-channel attacks and hardware Trojan horses (see [4] , [5] , [8] , [10] , [16] , and [17] ). In [9] , LCD codes have been applied in constructing good entanglement-assisted quantum error correcting codes. It is therefore of natural interest to study algebraic structured codes with complementary dual. Cyclic codes with complementary dual have been studied in [23] . Necessary and sufficient conditions for cyclic codes to be complementary dual with respect to the Euclidean inner product have been given in [23] .
In this paper, we focus on a more general setup. Precisely, abelian codes with complementary dual are studied under both the Euclidean and Hermitian inner products. We focus on the characterization and enumeration of such codes. Based on the discrete Fourier transform decomposition for semi-simple group algebras, the group algebra F p ν [G] can be view as a product of local group algebras for all finite abelian groups G. The complementary dual abelian codes and the direct summand ideals in each local component are characterized. The characterization and enumeration of complementary dual abelian codes can be obtained through the discrete Fourier transform decomposition and the characterization of ideals in local group algebras mentioned above. A simplified formula for the enumeration is given as well in the case where the underlying group is a cyclic group or a q-group, where q is a prime such that q = p.
The paper is organized as follows. Basic properties of group algebras and abelian codes are recalled in Section 2. Complementary dual abelian codes in some local group algebras are studied in Section 3. Based on the results in Section 3, it is shown that the characterization and enumeration of Euclidean complementary dual abelian codes over finite fields of characteristics p are independent of the Sylow p-subgroup of G. The complete characterization and enumeration of Euclidean complementary dual abelian codes are given in Section 4. The analogous results for Hermitian complementary dual abelian codes are given in Section 5.
Preliminaries
Let R be a commutative ring with identity and let G be a finite abelian group, written additively. Denote by R[G] the group ring of G over R. The elements in R[G] will be written as g∈G α g Y g , where α g ∈ R. The addition and the multiplication in R[G] are given as in the usual polynomial rings over R with the indeterminate Y , where the indices are computed additively in G. The homomorphism ǫ :
is called an augmentation map and the kernel ∆ R (G) := ker(ǫ) is called an augmen-
For a prime p and a positive integer ν, let F p ν denote the finite field of order p ν . In the case where R = F p ν , the group ring [12] and [13] ). The Euclidean inner product between u = g∈G u g Y g and
For positive integers i and j with gcd(i, j) = 1, let ord j (i) denote the multiplicative order of i modulo j. Let P denote the Sylow p-subgroup of G. Then G ∼ = A× P , where A is a subgroup G such that |A| = [G : P ] and p ∤ |A|. For each a ∈ A, denote by ord(a) the additive order of a in A. A p ν -cyclotomic class of A containing a ∈ A, denoted by S p ν (a), is defined to be the set
where
First, we consider the decomposition of R := F p ν [A] . In this case, R is semisimple (see [2] ) which can be decomposed using the Discrete Fourier Transform in [20] (see [13] and [12] for more details). For completeness, the decomposition used in this paper is summarized as follows.
An idempotent in R is a nonzero element e such that e 2 = e. It is called primitive if for every other idempotent f , either ef = e or ef = 0. The primitive idempotents in R are induced by the p ν -cyclotomic classes of A (see [7, Proposition II.4] ). Let {a 1 , a 2 , . . . , a t } be a complete set of representatives of p ν -cyclotomic classes of A and let e i be the primitive idempotent induced by S p ν (a i ) for all 1 ≤ i ≤ t. From [20] , R can be decomposed as
It is well known (see [12] and [13] ) that Re i ∼ = F p νs i , where s i = |S p ν (a i )| provided that e i is induced by S p ν (a i ), and hence,
Therefore, every abelian code C in F p ν [A × P ] can be viewed as
where C i is an abelian code in F p νs i [P ] for all i = 1, 2, . . . , t. The goal of this paper is to characterize and enumerate complementary dual abelian codes in 
Abelian Codes in some Local Group Algebras
In this section, we focus on complementary dual abelian codes and direct summand ideals in each component F p ν [P ] in the decomposition (3) .
For a finite commutative ring R with identity, the Jacobson radical of R, denoted by Jac(R), is defined to be the intersection of all maximal ideals of R. The ring R is said to be local if it has a unique maximal ideal and it is called a chain ring if its ideals are linearly ordered by inclusion. A finite commutative chain ring R with maximal ideal M is said to have nilpotency index e if e is the smallest positive integer such that M e = 0. The following facts are well known. A local group ring has been characterized in the following lemma. . Let R be a commutative ring with identity and let G be a finite abelian group. Then R[G] is local if and only if R is local, G is a p-group and p ∈ Jac(R), where Jac(R) is the Jacobson radical of R.
From Lemma 3.3, a group algebra F p ν [P ] is local for all p-groups P . More properties of a local group algebra F p ν [P ] can be deduced as follows.
Proposition 3.4. Let p be a prime and let ν be a positive integer. Let P be a finite abelian p-group. Then the following statements holds.
1. F p ν [P ] is a local group algebra with maximal ideal ∆ F p ν (P ). 
F
and hence, ∆ F p ν (P ) is the maximal ideal of
. This completes the proof of 1. It is not difficult to see that the maximal ideal
This completes the proof of 2.
Corollary 3.5. Let p be a prime and let ν be a positive integer. Then
Proof. The statement follows from Proposition 3.4. Precisely, the ideals in
The characterizations of the Euclidean and Hermitian complementary dual abelian codes and the direct summands in a local group algebra F p ν [P ] are given in the following theorems. Theorem 3.6. Let p be a prime and let ν ≥ 1 be an integer. Let P be a finite abelian p-group. Then {0} and F p ν [P ] are the only Euclidean complementary dual abelian codes in
Proof. Clearly, {0} and F p ν [P ] are Euclidean complementary dual abelian codes in
Consequently, C is not Euclidean complementary dual. Therefore, the ideals {0} and F p ν [P ] are the only Euclidean complementary dual abelian codes in
It is not difficult to see that the proof of Theorem 3.6 is independent of the inner product. Hence, we have the following corollary.
Corollary 3.7. Let p be a prime and let ν be a positive integer. Let P be a finite abelian p-group. Then {0} and F p 2ν [P ] are the only Hermitian complementary dual abelian codes in
Theorem 3.8. Let p be a prime and let ν be a positive integer. Let P be a finite abelian p-group. Then ideals {0} and
, a contradiction. Therefore, the ideals {0} and F p ν [P ] are the only direct summands in
The next corollary follows immediately.
Corollary 3.9. Let p be a prime and let ν be a positive integer. Let P be a finite abelian p-group. Then the following statements hold.
The number of Euclidean complementary dual abelian codes in
F p ν [P ] is 2.
The number of direct summand ideals in
The number of Hermitian complementary dual abelian codes in
F p 2ν [P ] is 2.
The number of direct summand ideals in
Euclidean Complementary Dual Abelian Codes
In this section, we focus on characterization and enumeration of Euclidean complementary dual abelian codes in F p ν [G] , where p is a prime, ν is a positive integer, and G is an arbitrary finite abelian group.
Characterization
For a finite abelian group G, write G = A × P , where p ∤ |A| and P is the Sylow p-subgroup of G. Based on the results in Section 3, the characterization and enumeration of complementary dual abelian codes in F p ν [G] are given and they are shown to be independent of P .
The decomposition of F p ν [A] in [12] plays a vital role in the study of Euclidean complementary dual abelian codes in F p ν [G] and it is recalled as follows. A p ν -cyclotomic class S p ν (a) is said to be of type I if S p ν (a) = S p ν (−a), or type II if S p ν (−a) = S p ν (a). Without loss of generality, the representatives a 1 , a 2 , . . . , a t of p ν -cyclotomic classes of A can be chosen such that {a j |j = 1, 2, . . . , r I } and {a r I +l , a r I +r I I +l = −a r I +l | l = 1, 2, . . . , r II } are sets of representatives of p ν -cyclotomic classes of A of types I and II, respectively, where t = r I + 2r II . Assume the notations used in Section 2, we have s i = |S p ν (a i )| for all 1 ≤ i ≤ t and s r I +l = s r I +r I I +l for all 1 ≤ l ≤ r II .
Rearranging the terms in the decomposition of R in (3) based on these 2 types of cyclotomic classes (see [12] ), we have
, respectively, for all j = 1, 2, . . . , r I and l = 1, 2, . . . , r II .
From [12, Section II.D], the Euclidean dual of C in (6) is of the form
The characterization of a Euclidean complementary dual abelian code in F p ν [G] is given in the following proposition.
Proposition 4.1. Let p be a prime and let ν be a positive integer. Let A be finite abelian group such that p ∤ |A| and let P be a finite abelian p-group. Then an abelian code C in F p ν [A × P ] decomposed as in (6) is Euclidean complementary dual if and only if the following statements hold.
1. C j is Hermitian complementary dual for all 1 ≤ j ≤ r I .
D
Proof. The result can be deduced directly from (6) and (7).
Corollary 4.2. Let p be a prime and let ν be a positive integer. Let A be finite abelian group such that p ∤ |A| and let P be a finite abelian p-group. Then an abelian code C in F p ν [A × P ] decomposed as in (6) is Euclidean complementary dual if and only if the following statements hold.
Proof. From the characterization in Corollary 4.2, the number of choices of C j is 2 r I and the number of choices of (D l , D ′ l ) is 2 r I I . Hence, the number of Euclidean complementary dual abelian codes in F p ν [A × P ] is 2 r I +r I I as desired.
Enumerations
As discussed in Corollary 4.3, the number of Euclidean complementary dual abelian codes in F p ν [A × P ] is independent of P . Here, it is sufficient to determined the number r I + r II from the group algebra
Let χ be a function defined by
The following lemma is a straightforward generalization of the case where p = 2 (see [12, Lemma 4.5 
]).
Lemma 4.4. Let p be a prime and let ν be a positive integer. Let A be a finite abelian group such that p ∤ |A| and let a ∈ A. Then S p ν (a) is of type I if and only if χ(ord(a), p ν ) = 1.
The value r I + r II of the group algebra F p ν [A] is determined in the following proposition.
Proposition 4.5. Let p be a prime and let ν be a positive integer. Let A be a finite abelian group of exponent N . If p ∤ N , then
where N A (d) denotes the number of elements of order d in A determined in [1] .
Proof. Using the arguments similar to those in [13, Remark 2.5], for each d|N , the elements of order d in A are partitioned into p ν -cyclotomic classes of the same size
. By Lemma 4.4, it follows that
Hence, the result follows.
In the case where A is a cyclic group of order n with p ∤ n, it follows that the exponent of A is n and N A (d) = Φ(d) for all divisors d of n, where Φ(d) denotes the Euler totient phi function. Hence, the following corollary can be deduced. Corollary 4.6. Let p be a prime and let ν be a positive integer. Let n be a positive integer such that p ∤ n. Then the number of Euclidean complementary dual cyclic codes of length np k over F p ν equals the number of Euclidean complementary dual cyclic codes of length n over F p ν for all integers k ≥ 0 which is
From Proposition 4.5, for an arbitrary finite abelian group A with p ∤ |A|, we have r I + r II ≥ 1. Hence, there exist at least two Euclidean complementary dual abelian codes in
In Table 2 , the number r I + r II for group algebras F 2 [A] is given for abelian groups A of odd order less than 50.
In the following subsections, a simplified formula for (8) is given for some families of finite abelian q-groups, where q is a prime such that p = q. Let A ∼ = (Z q k ) s , where k and s are positive integers, and q is prime such that gcd(p, q) = 1. For each 0 ≤ i ≤ k, define A q i := {a ∈ A| ord(a) = q i }.
Clearly, A 1 , A q , . . . , A q k are pair-wise disjoint and
Consequently, we have |A 1 | = 1 and
A = (Z 2 k ) s and p is an odd prime
Here, we consider the case where p is odd and q = 2, i.e., A ∼ = (Z 2 k ) s . Clearly, A 1 = {0} and S p ν (0) is of type I. For an element a ∈ A 2 , we have ord(a) = 2 which implies that a = −a. Hence, S p ν (a) = S p ν (−a) is of type I and its cardinality is 1.
In general, we have the following characterizations of the p ν -cyclotomic classes of type I in A.
Lemma 4.7. For each i ∈ {0, 1, 2, . . . , k}, let a ∈ A 2 i . Then one of the following statements holds.
1. If i ∈ {0, 1}, then S p ν (a) is of type I and size 1. Proof. The first statement follows from the discussion above. To prove the second statement, assume that i ≥ 2. Assume that S p ν (a) is of type I. Then −a ∈ S p ν (a). Then p νj ·a = −a for some integer j ≥ 1. Since i ≥ 2, we have 4|(p νj +1). If j is even, then p νj ≡ 1 mod 4 which implies that (p νj +1) ≡ 2 mod 4, a contradiction. It follows that j is odd. Since p νj + 1 = (p νj + 1) Conversely, assume that ord 2 i (p ν ) = 2. Then p 2ν · a = a and p ν · a = a which implies that p ν · a = −a. Hence, S p ν (a) is a p ν -cyclotomic class of type I.
Order of
Proposition 4.8. Let 0 ≤ r ′ ≤ k be the largest integer such that 2 r ′ |(p ν + 1) and let a ∈ A. Then S p ν (a) is of type I if and only if a ∈ A 2 i for some 0 ≤ i ≤ r ′ .
Equivalently, a ∈ A is of type II if and only if a ∈ A 2 i for some i > r ′ .
Proof. Assume that i > r ′ . Then 2 i ∤ (p ν + 1) which implies that ord 2 i (p ν ) > 2. By Lemma 4.7, S p ν (a) is not of type I.
Conversely, assume that a ∈ A 2 i for some 0 ≤ i ≤ r ′ . From Lemma 4.7, if i ∈ {0, 1}, then S p ν (a) is of type I. Assume that 2 ≤ i ≤ r ′ . Then 2 i ≥ 4 and 2 i |(p ν + 1) which implies that ord 2 i (p ν ) = 2. By Lemma 4.7, it follows that S p ν (a) is of type I.
Using Proposition 4.8, A 2 i contains p ν -cyclotomic classes of type I for all i = 0, 1, . . . , r ′ and the rest of the sets A 2 j contain p ν -cyclotomic classes of type II, for j = r ′ + 1, . . . , k. Since ord 2 i (p ν ) = 1 for all i ∈ {0, 1} and ord 2 i (p ν ) = 2 for all 2 ≤ i ≤ r ′ , we have
and
Hence, the number of Euclidean complementary dual abelian codes in
A = (Z q
) s , where q is an odd prime and gcd(q, p) = 1
In this part, we focus on the case where A = (Z q k ) s , where q is an odd prime and gcd(q, p) = 1. Note that S p ν (0) = {0} = A 1 is of type I.
Next, we characterize the type of p ν -cyclotomic classes of elements in A q in terms of ord q (p ν ).
Lemma 4.9 ( [15, Proposition 4]).
Let q be an odd prime and let i be a positive integer. If p is a prime such that q = p, then ord q i (p) = ord q (p)q j for some j ≥ 0. Conversely, assume that ord q (p ν ) = 2j is even, where j is a positive integer. Then a = p νordq(p ν ) ·a = p 2νj ·a, i.e., (p νj − 1)(p νj + 1)·a = 0. Since ord q (p ν ) = 2j, we have q ∤ (p νj − 1), and hence, (p νj + 1) · a = 0. This implies that −a = p νj · a ∈ S p ν (a). Therefore, S p ν (a) is of type I as desired.
Next, we show that all p ν -cyclotomic classes of elements in A \ {0} are of the same type. Proof. Assume that S p ν (a) is of type I. By Proposition 4.10, it follows that ord q (p ν ) is even. By Lemma 4.9, ord q i (p ν ) = ord q (p ν )q j for some positive integer j. Then
which is impossible since q is odd. Hence, we have
q j · b which means that S p ν (b) is of type I. Conversely, assume that S p ν (b) is of type I. By [11, Remark 3.1], ord q i (p ν ) is even. By Lemma 4.9, it follows that ord q i (p ν ) = ord q (p ν )q j for some positive integer j. Hence, ord q (p ν ) is even. By Proposition 4.10, we have that S p ν (a) is of type I.
Combining Propositions 4.10 and 4.11, the next corollary follows immediately.
If ord q (p ν ) is even, then S p ν (a) is of type I for all a ∈ A \ {0}. Hence, by Corollary 4.12, it can be deduced that
On the other hand, if ord q (p ν ) is odd, then S q (a) is of type II for all a ∈ A \ {0}. Hence, by Corollary 4.12, we have
In both cases, the number of Euclidean complementary dual abelian codes in F p ν [(Z q k ) s ] follows immediately from Corollary 4.3.
Hermitian Complementary Dual Abelian Codes
Note that the Hermitian inner product is defined over a finite field of square order. To study Hermitian complementary abelian codes, it suffices to focus on a group algebra F p 2ν [G] , where p is a prime, ν is a positive integer, and G is a finite abelian group.
Characterization
For a finite abelian group G, write G = A × P , where p ∤ |A| and P is a p-group. In this section, the characterization and enumeration of Hermitian complementary dual abelian codes in F p 2ν [G] are given and they are shown to be independent of P .
The decomposition of F p 2ν [A] in [13] is key to study Hermitian complementary dual abelian codes in F p 2ν [G] and it is recalled as follows. For each a ∈ A, the p 2ν -cyclotomic class S p 2ν (a) is said to be of type
Without loss of generality, the representatives a 1 , a 2 , . . . , a t of p 2ν -cyclotomic classes of A can be chosen such that {a j |j = 1, 2, . . . , r I ′ } and {a r I ′ +l , a r I +r I I ′ +l = −p ν a r I ′ +l | l = 1, 2, . . . , r II ′ } are sets of representatives of p 2ν -cyclotomic classes of A of types I ′ and II ′ , respectively, where t = r I ′ + 2r II ′ . Assume the notations used in Section 2, we have s i = |S p 2ν (a i )| for all 1 ≤ i ≤ t and s r I ′ +l = s r I ′ +r I I ′ +l for all 1 ≤ l ≤ r II ′ . Rearranging the terms in the decomposition of R in (3) based on the 2 types of cyclotomic classes mentioned above (see [13] ), we have
where K j ∼ = F p 2νs j for all j = 1, 2, . . . , r I ′ and L l ∼ = F p 2νs r I ′ +l for all l = 1, 2, . . . , r II ′ . From (9) , it follows that an abelian code C in F p 2ν [A × P ] can be viewed as
, respectively, for all j = 1, 2, . . . , r I ′ and l = 1, 2, . . . , r II ′ . From [13, Section II.D], the Hermitian dual of C in (10) is of the form
The characterization of Hermitian complementary dual abelian codes in F p 2ν [G] is given in the following proposition.
Proposition 5.1. Let p be a prime and let ν be a positive integer. Let A be a finite abelian group such that p ∤ |A| and let P be a finite abelian p-group. Then an abelian code C in F p 2ν [A × P ] decomposed as in (10) is Hermitian complementary dual if and only if the following statements hold.
C j is Hermitian complementary dual for all
Proof. The result can be deduced directly from (10) and (11).
Corollary 5.2. Let p be a prime and let ν be a positive integer. Let A be a finite abelian group such that p ∤ |A| and let P be a finite abelian p-group. Then an abelian code C in F p 2ν [A × P ] decomposed as in (10) is Hermitian complementary dual if and only if the following statements hold.
Proof. By Proposition 5.1, C j is Hermitian complementary dual for all 1 ≤ j ≤ r I ′ and D l is a direct summand for all 1 ≤ l ≤ r II ′ . By Corollary 3.7, we have
The number of Hermitian complementary dual abelian codes in F p 2ν [A × P ] is independent of P and determined in the following corollary.
Corollary 5.3. Let p be a prime and let ν be a positive integer. Let A be a finite abelian group such that p ∤ |A| and let P be a finite abelian p-group. If F p 2ν [A × P ] decomposed as in (9) , then the number of Hermitian complementary dual abelian codes in
Proof. From the characterization in Corollary 5.2, the number of choices of C j is 2 r I ′ and the number of choices of (D l , D ′ l ) is 2 r I I ′ . Hence, the number of Hermitian complementary dual abelian codes in F p 2ν [A × P ] is 2 r I +r I I as desired.
Enumerations
As discussed in Corollary 5.3, the number of Hermitian complementary dual abelian codes in F p 2ν [A × P ] is independent of P . It is therefore sufficient to determined the number r I ′ + r II ′ from the semi-simple group algebra 
The following lemma is a straightforward generalization of the case where p = 2 (see [13, Lemma 3.5] .) Lemma 5.4. Let p be a prime and let ν be a positive integer. Let A be a finite abelian group such that p ∤ |A| and let a ∈ A. Then S p ν (a) is of type I ′ if and only if λ(ord(a), p ν ) = 1.
Proposition 5.5. Let p be a prime and let ν be a positive integer. Let A be a finite abelian group of exponent N . If p ∤ N , then
Proof. Using the argument similar to those in [13, Remark 2.5], for each d|N , the elements of order d in A are partitioned into p 2ν -cyclotomic classes of the same size
. By Lemma 5.4, it follows that
In the case where A is a cyclic group of order n with p ∤ n, the exponent of A is n and In this case, we have
and hence, the number of Hermitian complementary dual abelian codes in
q is −q (i−1)s 2ord q i (p 2ν ) .
Conclusion and Remarks
In this paper, a family of abelian codes with complementary dual in group algebras F p ν [G] has been investigated under both the Euclidean and Hermitian inner products. The characterization of such codes have been given. Subsequently, the number of complementary dual abelian codes in F p ν [G] has been shown to be independent of the Sylow p-subgroup of G and it has been completely determined for every finite abelian group G, prime p, and positive integer ν. A simplified formula for the enumeration has been provided in the case where G is a cyclic group or a q-group with p = q. For application purpose, it is of natural interest to continue the study on the efficiency of codes in this family. Hence, the determination of their minimum distances is an interesting problem as well.
